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angle co can then be found by fi t t ing the two-dimen- 
sional transform - -  allowing for its elongation by a 
factor sec q0 in a direction at right angles to its axis 
of t i l t  m on each of the layers of the reciprocal lat- 
tice, with the transform fits identical except for the 
lateral displacement by ~ tan ~. A knowledge of the 
direction of the normal may  considerably facilitate 
the fi t t ing of the transform where the tilt, ~, and 
therefore the elongation of the transform is large (e.g. 
Bolton, 1963a,b, where the t i l ts  are of the order of 60°). 

Where the spikes on the origin peak overlap, the 
fringe function governing their  addition in  reciprocal 
space may  suggest the vector separation of their as- 
sociated centres in real space. In  other cases, the 
method of Taylor & Morley (1959) of plotting 
Z'IIG[--]F0]] for selected reflexions may be used to 
determine the positions in the unit  cell of the centres 
chosen for the calculation of each planar transform. 
Once the orientation and separation of the planar 
parts of the molecule are known, the intersection of 
their transforms with upper layers may  be used to 
determine signs of structure factors, which can then 
be used either for generalized projections or with 
direct methods, to find the rest of the cell contents. 
Phases obtained in this manner  from transforms are 
preferable to those obtained from the direct calcula- 
tion of structure factors, since doubtful signs are more 
readily recognized. For the method to be successful, a 
reasonable proportion of scattering matter  must lie in 
the planar parts of the molecule. 
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An investigation is made of the rate at which the residual is reduced as the positional parameters 
are refined. Good agreement is obtained between theoretical and observed values at the later stages 
of refinement where the errors are small. Where the errors are large there may be no agreement 
in spite o~ the success o~ the refinement process. 

Introduction 

The method considered is that  proposed by Bhuiya 
& Stanley (1963) in which each parameter, u¢, is 
varied individual ly from u j -  nA u~ to u~ + nZl u¢ in 2n 
increments of Auj. The lowest value of the residual, 
R=XlIFol- IFcII/2:IFol within the range is noted and 
the corresponding value of uj is taken as the best 
value within the permitted range of variation. This 
method has worked very well with a variety of 

structures even where other methods have failed. 
I t  is interesting to investigate the theoretical rates 
of refinement by  this method and to compare them 
with those obtained in practice. 

The nature of the ref inement  process  

Luzzati (1952), using an elegant statistical method, 
has obtained details of the variation of the residual, 
R, as a function of [sl and of the average error in 
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a coordinate.  He finds t h a t  the  value of R, a t  a fixed 
value of sin 0, is a monotonic increasing funct ion of 
the  mean  error of the coordinates. This implies tha t ,  
provided t h a t  the  s t ruc ture  is sufficiently over- 
determined,  if a coordinate of any  a tom is var ied  
about  its supposed position then in one direction the 
mean error will be increased and in the other  direction 
it  will be reduced. The value of R can then be used 
to tes t  whether  any  movement  has increased or 
decreased the mean  error.  

I n  the  method  of Bhu iya  & Stanley  the  procedure 
adopted  was to v a r y  the  fract ional  x pa rame te r  of 
the  f irst  a tom from xl--nAxl to x~+n/lxl. The new 
value of x~ selected was t ha t  giving the lowest value 
of R. Wi th  this new value of x~ the value of yl was 
var ied  from yl-n/ lyl  to yl+nAyl in increments  of 
the  same absolute length (i.e. bAy=a/ix). I f  three- 
dimensional  da t a  are being processed the z coordinate 
of the  f irst  a tom is similarly t r ea ted  before moving 
on to the next  a tom.  

The way  in which the  ref inement  progresses can 
be i l lus t ra ted  in a two-dimensional  orthogonal  group. 
I t  depends on the  re la t ive  magni tudes  of n/lx s 
(or nays) and the  magn i tude  and  direction of Arj,  
the  vector  error in rs, the  posit ion of the  j t h  a tom.  
We can visualize three modes of ref inement  as follows : 

(i) I f  IArsl cos ~ < n/lxs and IArjl sin ~ _<_ nays, 
where c~ is the angle between Ar  and the  
x axis, the coordinates will refine to the neares t  
increment  o f / l x s  a n d / l y s  in one cycle. 

(ii) I f  1Arsl cos ~ > n/lxs and  IArsl sin a < nays the 
error in yj will be reduced to zero (to the nearest  
increment  of/ lYs) in the  f irs t  cycle and sub- 
sequent  cycles will be concerned only with the 
reduct ion of the  error  in xs. 

(iii) If  IArsl cos ~ > nAxs and  IArsl sin a > nays the  
first  and subsequent  cycles will reduce the error 
in rs by  refining along the direction a t  45 ° to 
the x and y axes unti l  one axis is reached. 
Af ter  this ref inement  will be concerned with  
one coordinate only. 

The three processes are i l lus t ra ted in Fig. 1. 
In i t ia l ly  most  of the  a toms will have large errors 

and the second or th i rd  mode of ref inement  would 

i - ~ A r  

i . . . .  Ar 

Ar 

X X X 

(i) (ii) (i i i) 

Fig. 1. The possible modes  of re f inement .  

(i) IArjI cos a < n A x j  and  IArsl sin a < n a y s .  

(ii) I A r l l c o s a > n A x  s and I A r j l s i n a < n A y j .  
(iii) I A r j l c o s a > n A x j  and  I A r l l s i n a > n A y  s .  

A C 17 - -  67 * 

be expected.  Consequently the  value IArsl will, in 
general,  change by  an  amoun t  somewhere between 
the  l imiting values of n/lxj when the  error in y¢ is 
zero and  l/(2)nAAxj when the error in rs is along the  
line a t  45 ° to the axes. I t  is possible to evaluate  a 
proper average in any  par t icular  case but  the var ia t ion 
is quite small  and a reasonable value for the average 
would be of the  order l'2nAAxs. The way  in which 
the  change in IArsl varies with the angle Ar j  makes  
with  the  axes is shown in :Fig. 2. This a rgument  can 
be extended to three dimensions wi thout  difficulty. 
The m a x i m u m  change in IArsl then  becomes nV(3)/Ix s 
when rs is along the  direction equally inclined to the 
three axes. In  all cases the var ia t ion  in the  change 
in IArsl is re la t ively  small. 

/ 

/I 
/I J// 

i '  _. izol  

zlfj 

Fig. 2. The locus of A r s ' = A r s - - 6 ( A r i ) .  

Using Luzzat i ' s  figures for the var ia t ion  of R as 
a funct ion of the mean  error in l r¢l, when the values 
of IArsl are dis t r ibuted normally,  and  Isf, we can 
evaluate  the actual  values of R for any  type  of scat- 
ter ing curve by  evalua t ing  

R = f Sm~xsR(a, ~) <tFl>da 
0 

f Smax 
o s < lF l>ds  

where <IFI> is the  mean  value of IFI and  R(s, a) 
is the  value of R for a s t anda rd  devia t ion of coor- 
dinates of a a t  the  value of s. (These values are given 

by  Luzzat i  as a funct ion of IArl and  s). Al though 
the  value of this integral  will depend on the  types  
of a tom involved and  on the value of Smax it is wor th  
while evaluat ing it  for wha t  is p robably  the most  
common case, t h a t  of carbon a toms and  the  l imit of 
Smax as the l imit of the  sphere of reflexion for Cu Ka 
radiat ion.  Tables 1 and 2 give the values of R as 
a funct ion of a(r) and B, the  t empera tu re  coefficient, 
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B 

a(r) 
0-00 0.000 o.000 0.000 0.000 0.000 0.000 0.000 
0.02 0.094 0-089 0.083 0.079 0.074 0.070 0.066 
0.04 0-181 0.171 0-161 0.152 0-144 0.136 0.129 
0.06 0.262 0.248 0.234 0.221 0.209 0-198 0.188 
0.08 0-334 o-317 0.300 0.284 0.269 0.256 0.243 
0-10 0.399 0-379 0-359 0.341 0-324 0.308 0.294 
0-12 0.455 0.434 0-412 0.393 0-374 0.357 0.341 
0-14 0.504 0-481 0.459 0.438 0.419 0.400 0.383 
0.16 0-546 0-523 0.501 0.479 0.459 0.440 0-422 
0.18 0.582 0.559 0.536 0-514 0.494 0.475 0.457 
0.20 0-612 0.589 0-567 0.545 0.525 0-506 0-488 
0.22 0-637 o.615 0.594 0.573 0.553 0.534 0-516 
0-24 0.658 0.637 0-617 0.596 0.577 0.559 0.541 
0-26 0.676 0.656 0-637 0.617 0.598 0.581 0.564 
0.28 0.691 0.673 0.654 0.635 0.617 0.600 0.584 
0-30 0.704 0-686 0-668 0.651 0.634 0-618 0.602 
0-32 0.715 0-699 0-682 0.665 0-649 0-634 0.619 
0.34 0.724 0.709 0.693 0.677 0.662 0.647 0.633 
0-36 0.733 0.718 0.703 0-689 0.674 0.660 0.646 
0-38 0-740 0.727 o.712 0.699 0.685 0-672 0.659 
0-40 0-747 0.734 o.721 0.708 0.695 0.682 0.670 
0.42 0.753 0.741 0.728 0.716 0.703 0.691 0.679 
0.44 0.758 0.746 0.735 0.722 0.711 0.699 0.689 
0-46 0.763 0.752 0-741 0.730 0-719 0.708 0.697 
0.48 0.767 0.757 0-747 0.736 0-726 0.715 0-705 
0.50 0.771 o.761 0-751 0.741 0.731 0.721 0.712 

T H E  R A T E  O F  R E F I N E M E N T  I N  T H E  M I N I M U M  R E S I D U A L  M E T H O D  

T a b l e  1. Values of (1)R as a Function of a(r) and B. 
0-0 1-0 2"0 3"0 4"0 5"0 6"0 7.0 8.0 9-0 

0.000 
0.063 
0.123 
0.179 
0-232 
0-281 
0.327 
0.368 
0-406 
0-440 
0.472 
0.499 
0.525 
0.548 
0.569 
0-587 
0-605 
0-620 
0.634 
0.646 
0.658 
0.668 
0.678 

• 0.687 
0.695 
0.703 

10.0 

0.000 0.000 0.000 
0.060 0-057 0.055 
0-117 0-112 0-108 
0-171 0-164 0-158 
0.222 0-213 0-205 
0-270 0-259 0.250 
0-314 0-302 0-291 
0-354 0.342 0.330 
0.392 0.378 0-366 
0.425 0.412 0.399 
0.456 0.443 0.430 
0.484 0.471 0-458 
0.510 0.496 0.484 
0-533 0.520 0-507 
0-554 0.541 0.529 
0.573 0-561 0-549 
0.591 0-579 0-567 
0.607 0.595 0.583 
0.621 0.610 0-599 
0.635 0-624 0.613 
0.647 0-637 0-626 
0.658 0-648 0-638 
0.668 0-658 0-649 
0.677 0.668 0-659 
0.686 0.677 0-669 
0-694 0-685 0-677 

B 

a(r) 

0.00 
0.02 
0-04 
0.06 
0.08 
0.10 
0.12 
0-14 
0.16 
0.18 
0.20 
0.22 
0.24 
0-26 
0.28 
0.30 
0.32 
0.34 
0.36 
0-38 
0.40 
0.42 
0.44 
0.46 
0.48 
0-50 

T a b l e  2.  Values of ( 1 ) R  as a function of a(r) and B. 

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 

0.000 0.000 0.000 0.000 0.000 0.000 0.000 
0.060 0.056 0.053 0.049 0.046 0.044 0.041 
0.119 0.112 0.105 0.099 0.093 0.088 0.083 
0.176 0.166 0.156 0.147 0.139 0.131 0.124 
0.228 0-215 0.203 0.192 0.181 0.172 0-163 
0.274 0.259 0.246 0.233 0.221 0.209 0.199 
0.314 0.299 0.284 0.269 0.256 0.244 0.232 
0.350 0.333 0-318 0-302 0-288 0-275 0-263 
0.381 0-364 0.348 0.332 0.317 0.304 0.291 
0.406 0.390 0.373 0.358 0.343 0.329 0.316 
0.428 0.412 0.396 0.380 0.365 0.351 0.338 
0.446 0.430 0.415 0.399 0.385 0.371 0.359 
0.461 0.446 0.431 0.417 0.403 0.389 0.377 
0.474 0.460 0.446 0.432 0.418 0.405 0.393 
0.485 0.472 0-458 0.445 0.432 0.419 0.408 
0.494 0.481 0.469 0.456 0.444 0.432 0.421 
0.502 0.490 0.478 0.466 0.455 0.443 0.433 
0-509 0.498 0.486 0.475 0.464 0.453 0.443 
0.515 0.505 0.494 0.483 0.473 0.463 0.453 
0.520 0.510 0-500 0.490 0.480 0.471 0.462 
0.525 0.516 0.507 0.497 0.488 0.478 0.470 
0.529 0.521 0.512 0.503 0.494 0.495 0.477 
0-533 0.525 0.516 0.508 0.500 0.491 0.483 
0-537 0.529 0.521 0.513 0.505 0.497 0.489 
0.540 0.532 0.525 0.517 0.510 0.502 0.495 
0.543 0-536 0.528 0.521 0.514 0.507 0.500 

8.0 9.0 10-0 

0.000 0-000 0-000 0.000 
0-039 0.037 0.036 0.034 
0.079 0.075 0-072 0-069 
0.118 0-112 0-107 0.103 
0-155 0.148 0.142 0.136 
0.190 0.182 0.174 0.167 
0.222 0.213 0-205 0.197 
0-252 0-242 0-233 0.225 
0.279 0.269 0.259 0-251 
0.304 0.293 0.283 0.274 
0.327 0-316 0-306 0.296 
0.347 0.336 0.356 0-317 
0.365 0-354 0.344 0-335 
0.382 0-371 0.361 0-352 
0-397 0.386 0.377 0-368 
0.410 0.400 0-391 0.382 
0.422 0-413 0-404 0.395 
0.433 0-424 0.415 0.407 
0.443 0-435 0.426 0-418 
0.453 0-444 0.436 0.429 
0.461 0.453 0.445 0-438 
0.460 0.461 0.453 0.447 
0.476 0.468 0.461 0-454 
0.482 0.475 0.468 0.462 
0.488 0-481 0-475 0-469 
0.493 0.487 0-481 0-475 

fo r ,  r e s p e c t i v e l y ,  c e n t r i c  a n d  a c e n t r i c  d i s t r i b u t i o n s  of  

i n t e n s i t i e s  a s s u m i n g  c a r b o n  a t o m s  of  t h e  t y p e  s u g -  

g e s t e d  b y  V a n d ,  E i l a n d  & P e p i n s k y  (1957) .  T h i s  

t a b l e  is  i n t e r e s t i n g  i n  i t s e l f  s i n c e  i t  s h o w s  c l e a r l y  

h o w  t h e  v a l u e  o f  R f o r  a c c u r a t e  ]Fol d e p e n d s  o n  b o t h  

t h e  v a l u e s  of  a ( r )  a n d  o n  B a n d  o n  t h e  s y m m e t r y .  

F o r  e x a m p l e  a c e n t r o s y m m e t r i c  p r o j e c t i o n  w i t h  a ( r )  

0 . 0 4  A w o u l d  g i v e  R v a l u e s  of  0 . 1 8  a n d  0 . 1 4  f o r  
v a l u e s  of  B of  0 a n d  5-0 r e s p e c t i v e l y .  T h e  c o r r e s p o n d -  

i n g  v a l u e s  f o r  a n o n - c e n t r o s y m m e t r i c  p r o j e c t i o n  a r e  

0 .12  a n d  0 .09 .  I t  is a l s o  o f  i n t e r e s t  t o  n o t e  t h a t  t h e  

g r a d i e n t  dR/d(l is  g r e a t e s t  a t  t h e  o r i g i n .  
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Compar i son  of theoretical  and observed 
rates  of ref inement  

The  ques t ion  arises of w h a t  is m e a n t  by a change  
in  a(r) of ~a(r). 

If  

a n d  

p r o v i d e d  

a(r) = 

~(r)' = 

] J=~ /½ 

,----~1 (]Ar'])2 / 

-1 / 
(IArj[)2 + (lAr~.]- 6IAr~,[)2 

j j=~  

fae(r) 61ArNI{21ArNI-DlAr~l] 
/ - iV  

_~ o { 1 -  OlAr~l {2IAr~'I-OIArNI}~2Na z J 

61Ar~l(21Ar~l--OiAr_w]) < 1 .  

The  change  in  a(r) is g iven  by  

OlArNI {2[ArN I -  6IArNI) 
6a(r) = a(r)-- a(r)' = 2Na 

If ~tIArNI < IArNI 
IAr~'161ArNI &r(r) _ ~ 

. ¥ a  

a n d  

since D~(r) ~ V2 DIAr~v I - N 

(1) 

IAr~-I -- ~ K (Luzzati, 1952). 

B u t  if ~]ArN] = IAr~l 
IArNI 2 

~a(r) ~ 2No (2) 

Table  3. First cycle of refinement of naphthocinnoline, 
[001] 

Atom No. ;Axl iAyl R AR 
1 0.10 A 0.10 A 0.3651 0.0051 
2 0.10 0.10 0.3593 0-0058 
3 0.06 0.10 0.3549 0.0044 
4 0.10 0.10 0-3497 0.0052 
5 0-10 0.10 0.3449 0.0048 
6 0-10 0.02 0-3425 0.0024 
7 0-10 0.10 0.3376 0.0051 
8 0.10 0.10 0.3323 0.0053 
9 0.08 0.10 0.3277 0.0046 

10 0.06 0.10 0.3233 0-0044 
11 0.10 0-10 0.3185 0.0048 
12 0.10 0.10 0.3138 0.0047 
13 0-08 0.10 0.3091 0.0047 
14 . 0.08 0.10 0.3045 0.0046 
15 0.10 0.10 0.2994 0.0051 
16 0.10 0.10 0.2947 0.0047 
17 0-10 0.10 0-2898 0.0049 
18 0.10 0.10 0.2850 0.0048 

case naAx=nbAy=O.1 A.) Using  (2) to  ca lcula te  t he  

va lue  of 6a we ob t a in  the  va lue  0.008 • and,  t a k i n g  
the  va lue  of (dR/da)R=O.Ta as 0-25 A -1 f rom Table  2, 
t he  e x p e c t e d  ra t e  of r e f i n e m e n t  wou ld  be 0.002 per  
a tom.  If, on t he  o the r  hand ,  we t a k e  (dR/da)R=O.a~ 
as 2.5 f rom Table  1 the  e x p e c t e d  ra t e  of r e f i n e m e n t  
wou ld  be t e n  t imes  as g rea t  a t  0-02 per  a tom.  The  
average  ra t e  obse rved  f rom the  va lues  g iven  in  Table  3 
is 0.005 per  a tom.  I t  is p robab le  t h a t  t he  s t ruc tu re  
was a l r eady  in  a minor  m i n i m u m  cond i t ion  so far  as 
R was concerned  a n d  t he  fact  t h a t  i t  f ound  i ts  way  
in to  t he  correct  m i n i m u m  is an  i nd i ca t ion  of t he  
s t r e n g t h  of t he  m e t h o d .  I n  these  c i rcumstances  
howeve r  one wou ld  h a r d l y  expec t  a n y  a g r e e m e n t  
w i th  t he  ca lcu la ted  ra tes  of r e f inemen t .  

(ii) Triphenyl phosphate, [002]. The  s t ruc tu re  of 

Table  4. Final cycle of 

Atom lax i 
No. (h) 

We  can compare  t he  obse rved  ra tes  of r e f i n e m e n t  
3 0.00 

wi th  those  ca lcu la ted  f rom the  values  of (Sa and  2 0.00 
dR/da. 3 0.00 

(i) Naphthocinnoline, [001]. The  s t ruc tu re  of th is  4 O.Ol 
m a t e r i a l  has been  d e t e r m i n e d  by  B h u i y a  & S tan ley  5 0.00 

6 O.Ol 
(to be publ ished) .  The  [002] p ro jec t ion  is centro-  7 0.01 
s y m m e t r i c  a n d  t he  a s y m m e t r i c  un i t  conta ins  s ix teen  8 0-00 
carbon  a toms  a n d  two n i t rogen  a toms.  The  in i t ia l  9 0.00 
R va lue  was 0.37 a n d  the  genera l  t e m p e r a t u r e  fac tor  10 0.01 

11 0.00 
was 3.5 /~2. F r o m  Table  1 t he  va lue  of a(r) corre- 12 0.00 
spond ing  to  R = 0 . 3 7  is 0.11. I n  fact  du r ing  refine- 13 0.00 
m e n t  t he  t o t a l  shif ts  h a d  a va lue  a(r) of 0.5 /~ which  14 0-01 
corresponds  to  a va lue  of R--~ 0-73. This  v e r y  large 15 0-01 

16 O.Ol 
d i sc repancy  is p r e s u m a b l y  because  the  d i sp lacemen t s  17 O-Ol 
of t he  a toms  are no t  r andom.  I n  the  f i rs t  cycle of 18 0.01 
r e f inemen t ,  de ta i l s  of which  are g iven  in Table  3, 19 0.00 
the  va lue  of R fell  f rom 0.37 to 0-29. All t he  a toms  20 0.00 

21 0-00 
were sh i f ted  to  the  e x t r e m e  end  of the i r  p e r m i t t e d  22 0.00 
range  of m o v e m e n t  in a t  leas t  one di rect ion.  ( In th is  23 0-00 

refinement of triphenyl phosphate, 
[002] 

IAyi AR AR 
(A) R (obs.) (calc.) 
0 .01  0.1084 0-0002 0.00025 
0-00 0.1084 0.0000 0.00000 
0 .01  0.1076 0.0008 0.00025 
0.00 0.1075 0.0001 0.00025 
0 .01  0-1073 0-0002 0.00025 
0.02 0.1064 0.0009 0.00125 
0-02  0.1055 0.0009 0.00125 
0 .01  0.1053 0.0002 0.00025 
0 .01  0 . 1 0 5 1  0.0002 0.00025 
0.00 0.1050 0 . 0 0 0 1  0.00025 
0.00 0.1050 0.0000 0.00000 
0.00 0.1050 0.0000 0.00000 
0.00 0.1050 0.0000 0.00000 
0-01 0.1046 0.0004 0.00050 
0-00 0.1045 0 . 0 0 0 1  0.00025 
0 .01  0.1043 0.0002 0-00050 
0 .01  0.1037 0.0006 0.00050 
0-00  0.1035 0.0002 0.00025 
0-03  0.1024 0.0011 0.00225 
0.00 0.1024 0.0000 0.00000 
0-00  0.1024 0-0000 0.00000 
0.00 0.1024 0.0000 0.00000 
0-01 0.1024 0-0000 0.00025 
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this mater ia l  has been determined by Davies & Stanley 
(1962). This second example is of a centrosymmetr ic  
projection in the final stage of refinement.  There are 
twenty- three  a toms in the asymmetr ic  uni t  including 
one phosphorus a tom and four oxygen atoms. The 
detuils of this cycle of ref inement are given in Table 4. 
The value of R is 0-105 with an average t empera tu re  
factor  of 4-5 /~9 corresponds to a value of a(r) of 
0-03 A. None of the shifts were to the limit of the 
permi t ted  range of movement  in ei ther direction. 
(In this case naAx=nb3y=O.05 A.) The appropr ia te  
value of 6a is obtained from (2) and in this case is 
[ArNIg/l'38. The value of (dR/da)R=O.lO5 is 3.5 /~-1. 
F rom these figures the expected value of R caa  be 
calculated for each shift. The observed and calculated 
values of AR given in the last  two columns of Table 4 
are in good agreement .  

(iii) I~aphthocinnoline, [010]. This is a non-eentro- 
symmetr ic  projection of the same s t ructure  as (i). 
During the course of ref inement  in one typical  cycle 
the  value of R fell f rom 0.27 to 0-24. The details of 
this cycle are given in Table 5. The average value 
of R during this cycle was 0.26 corresponding to a 
value of a(r) (from Table 2) of 0.12 A. The corre- 

Table 5. One cycle of refinement of naphthoeinnoline, 
[OLO] 

Atom lax[ Idyl dR dR 
No. (A) (A) R (obs.) (calc.) 

1 0.00 0.02 0 . 2 7 4 3  0.0003 0.0002 
2 0.06 0.00 0.2723 0.0020 0.0018 
3 0.02 0.00 0.2719 0.0004 0.0002 
4 0.00 0.00 0.2719 0.0000 0"0000 
5 0-02 0 . 0 0  0 . 2 7 1 7  0.0002 0.0002 
6 0.10 0.00 0 . 2 6 5 2  0.0065 0.0050 
7 0.04 0.00 0.2647 0.0005 0-0008 
8 0.06 0.00 0 . 2 6 2 7  0.0020 0-0018 
9 0.04 0.02 0.2616 0 - 0 0 1 1  0.0010 

10 0-02 0.00 0.2613 0 . 0 0 0 3  0.0002 
11 0.04 0.00 0 . 2 6 0 3  0.0010 0.0008 
12 0-04 0.02 0.2587 0.0016 0.0010 
13 0.08 0.02 0 . 2 5 3 1  0.0056 0.0034 
14 0.06 0.00 0.2504 0 . 0 0 2 7  0.0018 
15 0.00 0.02 0 . 2 4 9 2  0 . 0 0 1 2  0.0002 
16 0-04 0.00 0 - 2 4 6 1  0 - 0 0 3 1  0-0008 
17 0.02 0.00 0.2436 0 - 0 0 2 5  0.0002 
18 0-00 0.02 0.2429 0 - 0 0 0 7  0.0002 

sponding value of (dR/da)R=OO26 is 1.75/~-1. Using the 
expression (2) to evaluate  d(a) for each atomic shift 
the values of R were calculated as above. The agree- 
ment between the observed and the calculated values 
of R given in the last  two columns of Table 5 is 
fair ly  good. 

Conc lus ions  

The ra tes  of ref inement  observed during the applica- 
t ion of the min imum residual method  are in good 
agreement  with the ra tes  calculated on the basis 
of the figures given by Luzzat i  in the  la ter  stages of 
refinement.  The fact  t ha t  (dR/da) is greates t  a t  the  
origin suggests t ha t  the method should become more 
efficient as the ref inement  progresses. This should 
certainly be t rue  with an ideal s t ructure  where there 
are no errors in the intensities,  all the corrections 
are known and where all the scat ter ing curves are 
known precisely and the accessible value of R is zero. 
Quite what  the s i tuat ion will be when the accessible 
value of R is much larger than  zero is difficult to 
predict  bu t  from the values obtained from the ful ly 
refined [001] zone of t r iphenyl  phosphate  quoted 
above it appears  t ha t  the ra te  of ref inement  is deter-  
mined by the value of (dR/da) a t  the appropr ia te  
value of R irrespective of the value of the accessible 
minimum. I t  is ra ther  as though the origin is shifted 
to the value of a(r) corresponding to the accessible 
min imum value of R. 

The case of the [001] projection of naphthoeinnoline 
given in the first  example  is interesting. This struc- 
ture,  a t  the  stage where ref inement  by  this me thod  
was s tar ted ,  was obviously in some minor  min imum 
region with an R value of 0.37. (Least-squares refine- 
ment  reduced R to 0.33 in two cycles but  failed to 
refine the  s t ructure  further .)  In  spite of this the  
s t ructure  was successfully refined by  the new method.  
The lack of agreement  between the theoretical  and  
the observed rates  of ref inement  is not  unexpected.  
I t  is interesting to note t ha t  the observed ra te  is in 
ra ther  bet ter  agreement  with t h a t  calculated from 
the value of (dR/da) corresponding to a(r) ra ther  t h a n  
tha t  corresponding to the accidental ly low value of R. 

The au thor  is grateful  to Prof. F. C. Will iams for 
the facilities of the Manchester  Univers i ty  Computing 
Labora to ry  which were used to calculate the values 
given in Tables 1 and 2. 
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